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POINTWISE APPROXIMATION OF FUNCTIONS BY INTEGRALS OF THE
ABEL TYPE

1» Preliminaries. Let L be the class of all 23f-periodio
complex-valued functions Lebeague-integrabie in the interval
< —JfrJr> < For any function f tL, with Fourier coefficients

a, a, b , we define the generalized Abel means
® a K o,

(1) HrCfl(x)* ~ (1+(1—+)kh(r))rk(ancos kx + bkein kx),
bl a
(2) H ff](x)= 2 Cl+(-r)kh(r))r (a. sin kx - b.cos kx)
k=1

(O<r 1), where h is a suitable real-valued, bounded
function of r defined in ( rQ,1>~ (O ~*Q~"1). The uniform
approximation of continuous functions by the means (1)was
examined in Ti! . In the case h(r)= ~5" operator
[reap« H ] coincides with biharmonic ["conjugate biharmonic]
operator B'F[Ef‘ ]. Moreover, we introduce the Weierstrass

Mans
a o 2

(3) erfl(x). 5 lél rk (a,.Kcos kx + bk sin kx) (o~rt 1).

Given any f£-L, let us oonsider the points x for which

(4) C (f(x+u)+ f (x-u)- 2f(x))du = o(t) as t —»O0

0
or

(5) f (f(x+u)- f (x-u))du =o(t) as t —? O.

0 r
Wrlte, for o0>0,
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and - t

w_(5)=w

N n(<J;f)e tup I—Oif— 9 (f(x+u)-f(x-u))du | ,

o<:Itl4£ o]

respectively. Clearly, these quantities are non-decroasi'ng
functions of 6 and by the well-known Lebesgue theorem

lim w tSitU O , lim G(6;t)= O
i+to* 6*0*

for almost every i.

In this paper we give estimates of the r»\te of convergence
of functions (I), (3)[resp. ~2)]at the points for which the
condition (It)frespa (5)] holds. Also, we shall show that our
main results cannot be essentially improved. For this purpose
we introduce the class L(A)of all functions ffcL for whieh

w (hjf)
up < rul <1 at a fixed x,
O~hMMI
where J1, is a non-negative and increasing real-valued function
defined on C0,5r> with CL (0)= O.
For convenience, the suitable positive absolute oonstants,

w ill be denoted by (j=1,2,3,...).
=
2. Properties of HXcand Hr' Let us start with the folio-
wing
THEOREM 1. If f£L and re”~j ,l), then

iH ff}(x)- f(x)]< I 1+r-2rh(r) lwx (1T;f)+

wx(t;f)
¢ (8+7-3T5)(1-r)3jj -A -- dt + M1 JIT3 (l-r)2 / dt+
1-r 7 * 1-r
y ~y 1 i \]ﬂ "o(t;f)
+ o (1—) 12—h (r) | g dt
1-r *

Proof. It is easily seen,
g

HO ) (x)= £ ] f(x+t)Jr(t)dt ,

-ST
where
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J_(t)= i + ~  (1+(1-r)h(r)k)rk coi kt.
The kernel Jr can be rewritten in the form

Jr(t)= Kr(t)+ (I-r)(h (r)- 1x£ )zr(t),

with n k (1+r2)§ooif—2—r
2 (t)= kr cos Kt s— ¥ . — J
k=1 (1 2rcost + r )
and
/ 4 1 5~/ k/ 2m K Al-r N (I-roost)
V*>-7* to, <*S «- »- e - Jf-V - 2rcoat)2 -
Putting #,<*>- h x(v)dv,' where
Ja '+
tf~(t)= f(x+t)+ f(x-t)-2f(x). we observe thatl t)k2tvx(t)»
(t> o).
Integrating by parts, we obtain r-
?

Hrcfj(x)-f(x)= i) fx(t)Ir(t)dt =y £ x(*>Ir(IT)- ~ x(t)K;(t)dtr

. o
- j(l-r)(h (r)- *Jr)\ﬁX(O Zr <ﬁ= Al + A2 + V  say*
o

Evidently,

Il m “1(Ar)n T?2p I1*r-2rh<r,L

By the estimates given in f3_] for biharmonic operator,

z r
' .<t)
(7) 1A,U (8+5T5)(1-r)3 I~ 4 —* dt f X dt
2 ?.—r t 2 1-r

Since

(1-r) (r +0r+1)-Ur(1l+r )sin (t/2)

Z'(t)= -reint 2!
r (1-2rcost+r )

we have tQ

[AB i I(l-r)]l h(r) --42~-01(F & ( H\$x(t)\
0 \
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i (1-r)2(r2+w+l)-I»r( 1+r2)ain2(t/2) |
Xlralat ------- Z-x jdt
(1-2rooat+r )j_

where t_=2arcein (“Y~ \j ~| ~ 1» the point In the inter—
0 r(1l+r )
val (0,JT ) auch that Zr'(t0)= 0. Further,
to
IAB1£ £ (1-r)36r | h(r)- foI$x(t) ] dt +
4i.r2(,.r2)(i-r)u (r)-it~1 As$,(t) 1 Jt<
2 < Kr J4stn Nt /29
t o
o
£ — (1+r2)(l-r)J h (r)- — 1 f —4 —~ dt
ar 2 I t2
t
o
It ia eaay to aee that ~r4 (1-r) when ~<r< 1.
Conaequently,
(8) iA3U«.IJT2]h(r)- Tx*-j *%L, i-r))+,
+J ft3 (I-r)lh (r) / —f— dt *
1-r *

Cmblnin( (6), (7), (8) and uain* the eatlnate

1 /T » (O B
(1-r) J dt * — -3 wx(i(l-r)),

i-r
we get the deaired assertion.
REMARK 1, Conaider new the claaa L {(il). By Theoreat 1,

i
rup 1 [fJ (X)-f(X) Ci(i-r Il-h(r) JE (TD+ C2(1-r)3 T — dtf
IbIBL) 3" 7 J n
+ C3(L-¢F)2 H iy dt + CA(lzr)llHbH )N 4 - 2 dt

1.r ¢ 4 1-r t

The 2S-periodic function g defined by the formula
g(t)=ft ( Jt-x]) if |Jt-x]iS-ia of class b(olb), Consequently,
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for every operator Hp with positive keiner Jf, we have

eup JHr [f]1(x)- f(xX)]?2]IHr Cel(*)]

? <
T - \] Aft (t)jr(tydt » J ] & (Hur(p<it +
r (I-r)
- h A t)z dt .
+ 8 (l-r)(h (r) )Tr(i_»rt) a (t) r(t) t |1 02| ,
where Ur(t)s ™~ ¢ 2~ (I o pp (Inr "Jr*ooskt =
[+ (11;_)_-_*(111_,+_r)( 1+C0032t) *

2(I-2rcost + r )

Arguing similarly ae in f33 (Remark to Theorem 1j we easily get

i'* c (,-r)5 .

Obaerving that ZXc(t)*O for tE£<T(1-r) ,5T>and assuming

ig ., Krfclg-
fcf,f2j, Lemma 2], we obtain

B6(i-r)li-h(r)] S dt
12» C ji(l-r) t

From the above considerations it follows that, for positive
operators Hr, the estimate in Theorem 1 cannot be essentially
improved,

COROLLARY 1, If 1-h(r)= O0(l-r) as r —» 1- , then
IH ffJ (x)- f(x)Kc (1-r)2 w (IiT;f)+ C,(1-r)j —& - dt +
r 7 ~ X ° idr t4
4
w_ (t;f)
+ C9(l-r)2 :I)_ m dt

for all rt< N *1)e
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QOROULARY 2 If Ih(n=o(h)ass r— 1 | t?en
[Hr [f3x)-f(x)|~C10( Lr)wx( T;f)+ C~0-r) 1ir S

for all rt(-*»1). In particular, whan h(r)*0, we obtain the

Hsiang Wan-Hang reault ([47?).

THEOREM 2. Suppose that f t L and Tr£<Tt£»1l). Than

Hiio+ 1 o &N

"IT(l-r) 2tan(t/2)

, A ow (tif) Nv o (t;0n

S 35 sm(1-1) dt +of3(1-r)2 hr)-1«~ L —a— dt
23(I-Jr) t Jlb-l”\t

Proof. Clearly, N

t= rei/ \ 1 f f(x+t)-f(x-t)

eHr tf + I, ,.J 2tant(t/2 dgn
B (5 T
~ x i« * T f(x-ft)-f(x-t) i
A1H 1f](x)- B jfl(x) ¢ B [fI(*)+ I J : dt :
r r r ft(1-r) 2tan(t/2)
- Y1 * Y2 !
By Theoraa 3of foj »
T
0 C w (t)
YNCANL-r)2 J N--dot ,
2 12 T (l-1) tJ
with ¢l12~ 3*151 ~ . We can easily observe that
ST o*
jplh(r)- 4 ~ J(1-r)l f f(x+1t) krksinkt dt | =
=
F

S J-Jh(r)- F—j(L1-r)2(1+r)r!s (F(x+1)-f(x-t) )Rr(t)dt]

with R (= *dt kb*
r (1-2rcost+r )

Let t
Y X(t)= f(x+t)-f(x-t) ad \ji/ANt)= ] Y x(v)dv .
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Clearly,
£ 2twx(t;f).

The partial integration leads to
“ g

C,:Q fx+t)-f(x-)Rr(t)dt = - LY x()R'(t)d t

HIl-r) r
- (1 * X(t)R™Mt)dt = J1 4 J2
S7(-r)
Since
cost [(1-r)2+I»rsin 2( t/2)] -Ursin2t
R'(t)= 5 5 * ,
((1-r) ursin (t/2))
é
we have 0
T(1-r) (1-r)
lj. < Y JO 5 5 o dt +
10 * X ((lI-r)2+ W in2(t/2))3
?2(l-r) 20rein2 (t/2)dt
+ ( Y (t) 5t K *—
) * X ((1L-r)2 ¢ 4rsin (t/2))
c u
T(l-r)
< — r " otwx(t)dt +
(1)
"J-r) 3_ . ,\, w_(]T(I-r))
+ 10r--6 Y *7 t3w (t)dt * 26172 =
(1-r)6 ) X (1-r)2
0
For Jg, we use the estimate
R*(t)<ilaze 1T/ o — L S (AT(-r)étidT;.
r ((L-r) + Win (t/72))3 6Ur3sin (t/2)
Renee, we get
IT -
lJal-esr* At.

In view of the inequality



and this coaplatM ths proof,

3» Estimates for the Wr+ierstrase integral. It la known
(aaa flJ pp.201-204, 125-126) that If f fcLf than the operator
(3) oan bo written In the fern

wM (x)., =I=. J *(*-t).'t/UeCdt ,

O gike X7 )
whore oC a log ~ (0/r<si).
THEOREM 3, Let x be a weak Lebesgue point (U) of f and let
re<jtl)» Then

(9) wM ()-f<«)k*«ef w,(r,fle JL_ / t2wx(t;f).’ t2/l<t: dt.
Proof. Putting Cfx(t)= f(x+t)*f(x-t)-2f(x), we easily verify

that

Vrrf](x)-f(x). -£=; E / (fx(t). " t2/~rdt =
ZIxzZz j.O 2k J
00 1T

2YlreC jaO
« f

="Tfef 2 T <x(t)G (t)dt t
ryy-/4 j=o ' X J
where G (t)s - (*»(3*1 >-*)20 * .
J

Integrating by parts we get
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where ¢ x(t)= j*(fx(u)du. Therefore, in view of the inequality

c
| ~*x(t)] é 2twx(t),

we have

rtfd (x)-f(x)U - = s WK (3i)G (IT) +
MToC j.o

- M + N + S, say.
Clearly,

0j(3f>= 2.-«*J*'W >2/4i St*! _ i 4 (J .0, ciieians
and.

e 1T # N((*> So b b -) “ m-T1?* «?-.<«e

It is easy to see, that

(e ) m (KA T )2 A Y e

Therefore
"ty # j *
r- S'

i -J— r ft).-*2/ «« . J L (1)

2-ciT™J X »TScl * Jo
K N o R A M2 (o).-"2/ " dud

2ctVi7 D ~df 2*r?7 J
+ 3BFTj<C» (T) j -t du < n

1 u



r

N w (7)+ —=— f t2w (t)e-t2/74*dt o (*).
- fF X 2cclipv § " x ” St -
nr
Further, if j/O0 and t¢.~0,3T7>
>2
- X, x 1T _
 Z.(20,).- (¥ ¢>*/ Ti(2I) .
N 2<<(23+1) e-t2/* C 6¢c( o-t2/UdC 6aC o-t2A CC
3r3J/ Jr3d3 - J13j
Consequently,
@ f g» ST
Bv j=iJ J *3er wo .
o u
) t.-* j e’ dt s
~ STfif
< * A r A . 0" A A

Collecting the above results and using the estimate

" (Ne )$§ —.1 |
x( ) I-Ooc-/71l.“ J
Kr

t2w§"t rest2ANdt

n  obtain our thesis.

REMARK 2. The estimate (9) cannot be essentialy improved.

To prove this, let us consider the class L(&). In view of (9),
J

2
e«P I» rd(»)-f(x)li WcCu(li)* (t2ft (t)._t /'**dlI
fbL(a) .
Considering the non-negative function g CL(St)t defined by the
identities g(t)=& (lt-x]) i-f It-x]~Ji", g(t-*-2jr)= g(t) we

shall show that the last supremum can be estimated similarly
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from below.

Namely, oP T
eup lw [rH*)-r(*)bl urg](x)-g(*)i= -~r A~ (5.(t)G (t)ydtn
feL (A) fir? J-0o 4 -« J
T 5
;27==, f52(t)o (t)dt~ -jrr; ( A (t)e"t2/i*~ dt 5;
Bl 7 TrefJ
o J > - \ic

REMARK 3° In view of the Inequality e =€ 6u (u>0), the

estimate (Qyields i
fw (t;f)
IVr [fJ (x)-f(X)] £ *«<£2wx(JT;f)+ WIloCICj-2-u------- dt
n? 4
Replacing of' by log — and applying the inequality
1-r é log 2(1-r) (yir<l),
we conclude that <
v ff1(*)-f(x)K 12(1-r)/1-1 wx(J;f)+ 922 Nr(I-r)V/TT"( dt
~ t
e rinrl

I am very snob indebted to Docent P. Pych-Taberska for many
kind and valuable suggestions in course of preparation of

this paper.
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PUNKTOWA APROKSYMACJA FUNKCJI CALKAMI TYPU ABELA

Streszczenie

Dla danej 25M-okresowej funkcji f catkowalnej w sensie
Lebesgue'a badane sg pewne Srednie Jej szeregu Fouriera i
trygonometrycznego szeregu sprzezonego. Szacowany Jest rzad
zbieznosci tych Srednich w punktach Lebesgue'a funkcji f.
Otrzymane twierdzenia uzupetniajg wyniki Starka (1972)i
Hsiang Van-Hanga (1982).



