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POINTWISE APPROXIMATION OF FUNCTIONS BY INTEGRALS OF THE 
ABEL TYPE

1» P r e l im in a r ie s .  L e t L be the c la s s  o f  a l l  2 3 f-p e r io d io  

com p lex-va lu ed  fu n c tio n s  Lebea gu e - in te g ra b ie  in  the in t e r v a l  

< — Jf r JT > • For any fu n c tio n  f  t L ,  w ith  F o u r ie r  c o e f f i c i e n t s
a , a. , b , we d e f in e  the g e n e ra liz e d  Abel means

®  а  К  o ,

( 1 )  Hr C f ] ( x ) *  ^  ( 1+ ( 1—r ) k h ( r ) ) r k ( a^cos kx + bk e in  k x ) ,
ы OO

( 2 )  H f f ] ( x ) =  2  С 1 + (l - r ) k h ( r ) ) r  ( a. s in  kx -  b .c o s  k x )
k=1

(O < r  1 ) ,  where h i s  a s u ita b le  r e a l- v a lu e d , bounded

fu n c t io n  o f  r  d e fin e d  in  (  r Q,1 >^  (O ^* ’Q ^ l ) .  The uniform

approx im ation  o f  continuous fu n c tio n s  by the means ( 1 )was

examined in  Гй ! .  In  the case h ( r )=  ^5^  o p e ra to r
[  rea p « H ] c o in c id e s  w ith  b iharm on ic ["conjugate b iharm on ic]

o p e ra to r  B_[B  ] .  M oreover, we in tro d u ce  the W e ie rs tra ss  T T
M an s

a cn 2
( 3 ) N I f l ( x ) .  + Ź j r k (a . cos kx + b s in  k x ) ( o ^ r t  1 ) .r  2 k=1 “ к k

G iven any f£ - L ,  l e t  us o o n s id e r  the p o in ts  x f o r  which

(4 )  Ç ( f ( x + u )+  f  ( x - u ) -  2 f (x ) )d u  = o ( t )  as t —► 0 

0
o r

(5 )  f ( f ( x + u ) -  f  (x -u ) )d u  = o ( t )  as t  —? О .

0 r  
W r lte , f o r  о > 0 ,

t
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and - t

w (5 )= w  (< J ;f )e  tup I—i — Ç ( f ( x + u ) - f ( x - u ) )d u |  ,Л Л Of J
o<:ltl4£ о

r e s p e c t iv e ly .  C le a r ly ,  th ese  q u a n t it ie s  a re  non -decroas i'n g 
fu n c tio n s  o f  6 and by the w ell-know n Lebesgue theorem

lim  w t S i t U  0 , l im  ü ( 6 ; t ) =  О
i + o *  6*0*

f o r  alm ost e v e ry  i .

In  th is  paper we g iv e  e s tim a te s  o f  the r»\te o f  convergence 

o f  fu n c tio n s  ( l ) ,  ( 3 ) [ r e s p .  ^2).] a t  the p o in ts  f o r  w hich the 
c o n d it io n  ( I t ) fr e s p a  ( 5 ) ]  h o ld s . A ls o , we s h a l l  show th a t  our 

main r e s u lt s  cannot be e s s e n t ia l l y  im proved . For th is  purpose 
we in tro d u ce  the c la s s  L (Ä )o f  a l l  fu n c tio n s  f fc L f o r  whieh 

w ( h j f )
•up <->' ru'l <  1 a t  a f i x e d  x ,

O^h^ÏÏ
where Л , i s  a n o n -n ega tiv e  and in c r e a s in g  r e a l- v a lu e d  fu n c t io n  
d e fin e d  on Ć 0,5Г > w ith  ÇL ( o )=  O.

For con ven ien ce , the s u ita b le  p o s i t iv e  a b so lu te  oon stan ts , 
w i l l  be denoted  by ( j = 1 , 2 , 3 , . . . ) .

r-*
2 . P r o p e r t ie s  o f  H and H .  L e t  us s t a r t  w ith  the folio-X* г

wing
THEOREM 1. I f  f £ L and r e ^ j  , l ) ,  then 

i Hr f f } ( x ) -  f ( x ) | <  I 1 + r -2 rh (r )  I wx (1T;f )+

♦ (8 + ^ - 3 T 5 ) (  1 - r )3 j  --Ą - -  d t + П  JT3 ( l - r ) 2 
1 - r  7 *

ч ~  ч . 1  i л "  ( t ; f )
+ •g’ (  1—r )  11—h ( r )  I J  g d t  .

1 -r  *

P ro o f.  I t  i s  e a s i l y  seen ,
5Г

Hr O  )  ( x )=  £  j  f ( x + t ) J r ( t ) d t  ,

-ST
where

/
1 -r

wx ( t ; f )
d t+



Ю7

w

J ( t )=  i  + ^  ( 1 + ( 1 - r ) h ( r ) k ) r k  c o i  k t .
T  & J t =  1

The k e rn e l J can be r e w r it t e n  i n  the formГ

Jr ( t ) =  Kr ( t ) +  ( l - r ) ( h ( r ) -  I±£_)zr ( t ) ,

w ith  “  2x . _^  k (1 + r  ; o o i t - 2 r
2  ( t ) =  k r  cos k t s rл  v — *-------------    Ä------ J

k = 1 (1 —2 r c o s t  + r  )

and
/ ч 1 5^ / k/ 2 m  к ^1 - r   ̂ ( l - r o o s t )

V * > -  7  * t o , < ’ * S « -  » -  • -  J f - V  -  2 r c o a t )2 •

Put t in g  # , < * > -  h x (  v )d v , ' where
Ja  ‘ *

t f ^ ( t ) =  f ( x + t ) +  f ( x - t ) - 2 f ( x ) . we ob serve  th a t I t  )k2tvx ( t ) »

( t >  o).
In t e g r a t in g  by p a r ts , we o b ta in  r-

? , 
Hr c f j ( x ) - f ( x ) =  i ) ć f x ( t ) J r ( t ) d t  = ÿ £ x (*> J r (lT )-  ^ x ( t ) K ; ( t ) d t r

S  o
-  j ( l - r ) ( h ( r ) -  *jr)Jtx( 0 Zr  <t)dt = A1 + A2 + V  sa y * 

oE v id e n tly ,

I ■ “ I (1r)n T ? p l 1* r - 2rh<r,L

By the es tim a tes  g iv e n  in  f3_] f o r  biharm onic o p e ra to r ,
z  г

'  .< t )
( 7 )  |A U  ( 8 + 5Т5 ) ( 1 - г ) 3 Г ^ 4 — “  d t  f  -2 /  t  2 1 -r

x d t .T
1 -r

S ince
( 1 - r )  ( r  +Лг+1) - U r (1+r )s in  ( t/2 )

Z ' ( t ) =  - r e i n t  -------------------------------- я—я----------------------
r  ( 1 -2 rco s t+ r  )

we have t Q

|A3 |i l ( l - r ) | h ( r )  - - 4 ^ - | ( Г  ♦ (  ) \$x( t ) \

0 \
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i (  1 - r )2( r 2+1»r+1 ) - l » r (  1+r2 )a in 2 ( t/2 )  I
X l r a la t  -------  z - x -------------------------  jd t

( 1 -2 rooa t+ r )j_

( “ Ÿ~  \j ~~Г| ^ 1 »  the p o in t In  the in t e r —
r ( 1+r )

v a l  (0,JT ) auch th a t Z ' ( t  )=  0 . F u rth er,

where t  =2a rc e in  
о

г '  о
t О

IА3 1 £ £  ( l - r ) 36 r  I h ( r ) -  f  |$x ( t ) |  d t  +

.  4 i . r 2( , . r 2 ) ( i - r ) U ( r ) - i t ^ l  Ä $ , ( t )  I Jt<
2 к . 4 « иг*  /o^2 < UJr J s in  ( t / 2 )

t  о
О

-f
8 r
—  (  1+r2 ) ( l - r ) | h  ( r ) -  — I f  — 4 — -̂ dt 
}r 2 J  t 2

t о

I t  i a  eaay to  aee that •̂^r 4 (  1 - r )  when ^ < r <  1 .

C onaequently ,

( 8 )  i A 3 U « . J T 2 | h ( r ) -  l ± * - j  * %( Ц  i - r ) ) + ,

+ J  ft3 ( l - r ) l h ( r )  /  — f —  d t *
1 - r  *

С м Ы п 1 л ( ( 6 ) ,  ( 7 ) ,  ( 8 )  and u a in *  the e a t ln a te

1 /Г  » ( О  в
( 1 - r )  j  d t *  — -3 wx ( ï ( l - r ) ) ,

i - r
we g e t  the d e a ire d  a s s e r t io n .

REMARK 1, Conaider new the c laaa  L ( i l ) .  By Theoreat 1,
_  _ ТГ

»up  11 '  4
IblßL )

Hr [f J  (x )-f (x )  C 1 ( i - r )  I l -h (r )  |SE (7T)+ C2 ( l - r ) 3 Г — dtf
I Sï" 7  J ^

( t . r ) 2 Г **Ц ±1  d t + C4( l - r ) l l - h ( r ) |  /
t  4 1 -r  t

+ C3( 1 - r ) -  1 -■ X- 7 dt  + C,.( 1 - r )  l l - h ( r ) l  I - 2 d t

1 -r

The 2 S’ - p e r i o d i c  f u n c t i o n  g d e f i n e d  by the  f o rm u la  

g ( t )  = f t  (  | t - x | )  i f  | t - x | i S - i a  o f  c l a s s  Ь(оГЬ) , C o n seq u en t l y ,
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f o r  e v e ry  o p e ra to r  Hp w ith  p o s i t iv e  k e in e r  Jf , we have

•up |Hr [ f ] ( x ) -  f (x )| ? | H r C e l(* )|

-- _
? <7T

ï  -  J  ̂ ft ( t ) j r ( t )d t  »  J  j  & ( t )u r (t)<it +

Г  ( l - r )

+ £■ ( l - r ) ( h ( r ) -  ^ - )  Г  Я  (t)z  ( t ) d t  .  I  ♦ I  ,
*  î r ( i - » t )  r  1 2

where Ur ( t ) s  ^  ♦ ^ ( l  ♦ pp (ln r  ^Jr^ooskt =

( 1 -r )-* ( 1 + r ) (  1 + cos t )
c 1 ■■■.... 11 ■'■ о 2 *

2 ( l - 2 r c o s t  + r  )

A rgu ing s im i la r ly  ae in  f  ЭJ ( Remark to  Theorem lj we e a s i l y  g e t

i ’ * c ’ ( , - r )5  •

O baerving that Z ( t ) * 0  f o r  t  £ <JT ( 1 - r )  ,5T> and assumingX*

.  i g . ,  K r f c l g -

f c f , f 2 j ,  Lemma 2 ] ,  we ob ta in

I 2 » C:6( i - r ) | i - h ( r ) |  S dt .
j ï ( l - r )  t

From the above c o n s id e ra t io n s  i t  fo l lo w s  th a t , f o r  p o s i t iv e  

o p era to rs  Hr , the e s tim a te  in  Theorem 1 cannot be e s s e n t ia l ly  

im proved,

COROLLARY 1, I f  1 -h (r )=  0 ( l - r )  as r  —► 1- , then

IH f f  J ( x ) -  f ( x ) K c  ( 1 - r ) 2 w ( îT ; f )+  C „( 1 - r )  j — Ł -   dt +
r  7 ~ x °  iJ r  t 4

4

+ C9( l - r ) 2 ) ■ d t1
w_ ( t ; f )

fo r  a l l  r t <  ^  * 1 )•
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COROLLARY 2. I f  1-h(r)= o(1) as г —> 1- , then
ЗГ

w ( t  ; f  )|Hr [ f3(x)-f(x)|^C10( 1-r)wx( ST ;f)+ C ^ O -r )  J — -----  dt
1 —Г t

f o r  a l l  r t (-^ » 1 ) .  In  p a r t ic u la r ,  whan h ( r ) * 0 ,  we o b ta in  the 
Hsiang Wan-Hang r e auI t  ( [ 4 ? ) .  

THEOREM 2. Suppose th a t f  t  L  and г£<т£»1). Than

H_[fj(*)+ I f . dt I ^
" I T ( l - r )  2 ta n (t/ 2 )

5Г
Я  w ( t  ; f  )  Л v  ( t  ; Г)

Ś 3̂ 5 Sf3( l - r )2 j    dt +i»Off3( l - r )2|h(r)-l«^ j — a—3T(l-r) t JiO-r^t dt

P ro o f.  C le a r ly ,  ^

t *  rei / \ 1 f  f ( x + t ) - f ( x - t )  .
•Hr t f ] ( x ) +  ÎT J 2 ta n t (t / 2 ) d t ^ 'fl(l-r) V-

~  л< l i «  * Г  f  ( x - f t ) - f  ( x - t  ) i
4 |H  l f ] ( x ) -  B j f ] ( x )  ♦ В [ f ] ( * ) +  I  J ------------ ;----------- d t :

Г  Г r  ft( 1 - r )  2 tan ( t/2 )

-  Y1 *  Y2 ‘

By Theoraa 3 of foj »
ÎT

о С W (  t )
Y ^ C ^ I - r ) 2 J  ^ - - d t  ,

2 12 T ( l - r )  t J

w ith  c 1 2 ~  3*15î   ̂ . We can e a s i l y  ob serve  th a t
ST o*

jp | h (r )-  -Ц ~ | ( 1 - г ) l  f  f ( x + t )  k rk s in k t d t I =
--5Г

Гji

S J-Jh(r)- -î—  j ( 1 -r )2( 1+r)r ! ^  ( f (x + t ) - f (x - t )  )Rr ( t)dt|

with R ( t)=  *dnt к—ö *
r  ( 1-2rcost+r )

Let t
Y x(t)= f ( x + t ) - f (x - t )  and \j/^(t)= j  Y x(v)dv .
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C le a r ly ,
£ 2twx ( t ; f ) .

The p a r t ia l  in t e g r a t io n  le a d s  to
“  <T

;Q f ( x + t ) - f ( x- t ) ) R r ( t ) d t  = -  f Y x ( t ) R ' ( t ) d t
С ey ^U

H l - r )  Г
-  -  (  I *  x ( t ) R ^ t ) d t  = J 1 4 J2 .

S 7 (l- r )
S ince

co s t [  ( 1 - r )2+ l»rs in  2 ( t/2 ) ]  -U rs in 2t
R ' ( t ) =  ------------5--------------5---------- *--------------------- ,

( ( 1 - r )  U rs in  ( t / 2 ) )

é
we have 0

T ( 1 - r )  ( 1 - r )
I j . < Y  J O  -----------5-------------5----------- O d t  +

1 0 *  X ( ( l - r ) 2+ W i n 2 ( t / 2 ) ) 3

? ( l - r )  2O re in 2 ( t/ 2 )d t
+ (' Y  ( t ) ---------- я-------------- ж---------- *—

)  *  x ( ( 1 - r ) 2 ♦ 4 rs in  ( t/ 2 ) )
с ■

T ( l - r )
-< — Г  " twx ( t ) d t  +

( 1—r )

+ l0r- - 6 Y  * 7 t 3w ( t ) d t  *  26 ÎT2 ■ -
( 1 - r ) 6 )  X ( 1 - r ) 2

Ï ^ J - r )  з _  . ,  w _ ( ]T ( l - r ) )

0

For Jg , we use the es tim a te

R * ( t )< i l a Ź Ł  i ï / l l   -------  ^  ----------* -— т;-------  (JT(l-r)étiJT;.
r  ( ( 1 - r )  + W i n  ( t / 2 ) ) 3 6Ur3sin (t/2 )

Renee, we g e t
IT -

I J a I - e s r “ f  A t .

In  v ie w  o f  the in e q u a l i t y



and th is  c o a p la tM  ths p r o o f ,

3» Estim ates f o r  the W*i erst rase in t e g r a l .  I t  l a  known 

(aaa  f lJ  pp.201-204, 125-126) that If f  fc L f than the o p e ra to r
( 3 ) оan bo w r it t e n  In  the fe r n

wr M ( x ) .  — != .  J  * ( * - t ) . ' t/ U e C dt ,
21Г К Г  ^

whore оС я l o g  ~  ( 0/r <; i ) .

THEOREM 3, L et x be a weak Lebesgue p o in t (U ) o f f and l e t  

r e < jt 1 )»  Then

(9 ) |wr M ( . ) - f < « ) k * « e f  w , (r , f )e  J L _  /  t2wx( t ; f ) . ’ t2/lł<t: dt.

P ro o f. P u tt in g  Cfx ( t ) =  f ( x + t ) * f ( x - t ) - 2 f ( x ) ,  we e a s i l y  v e r i f y  
th a t

Vr r f ] ( x ) - f ( x ) .  - £ = ;  È  /  ( f x ( t ) . ‘ t2 / ^ d t  =
ZlxZ  j .O  2 к  J

00 I T

2 Y ГсС jaO
«  f

d t =

= "Г f e f  2 _  Г  <fx ( t )G  ( t ) d t  t 
гуУ-/4 j=o '  x J

where G (  t  ) s  . - ( *  »(J *1  > -* ) 2Д * .
J

In t e g r a t in g  by p a rts  we g e t
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where ф x(  t )=  j* (fx (u )d u . T h e re fo r e , in  v iew  o f  the in e q u a l i t y

С

| ^ x ( t ) |  é  2twx ( t ) ,

we have

|wr t f J ( x ) - f ( x ) U  - =  S  Wx (3i)G (JT) + 
VlToC j .o

dt .

-  M + N + S, say.
C le a r ly ,

0j(3 f>= 2. - « * J * ' W > 2/ 4 i  Ś Ł * !  _ i _ 4 ( J . o , , ..............

and.

" « Î T #  N ( *>  S o  Ь Ь - )  “  ■ - T 1 *  « ? - . < « •

I t  i s  easy to  s e e , th a t

- ( . . « r ,  ) . - ( ‘ * ^ J ) 2/ ^ } ................................... ..

T h e re fo re

" ' v #  j  *

r- S"

i  - J —  r f t ) . - * 2/ « «  .  J L ( Î )
2 -c ïT ^ J  x »T S c1 *  Jo

3— ;  » ,  ( C ? )  I  . V 2 / ^  d .  »  — 3—  Г Г , 2 »  ( « ) . - ‘ 2 / ^  d « 4
2 c tV ï7  ^  ff 2 * r ? 7  J0 ^5

+ 381*ÎTÏjr«< Ç »  (JT ) j  - t  du < ^
i  u



1

^  i _  w ((7)+ — !----- f t2w (t )e -t2/4*dt ♦ (* ).
-  —  '  firv* J ------------

r

~ fF  ~x 2cCfjr7 j  " x ”  ЗГ»ч1r
ЛГ

F u rth er, i f  j/O and tć.^0 ,3T>  ,

>2

«  Z. (2J„).-(a »*♦*>*/*« iï(2Jt))l- „
oC **•«** ^

^  2 << ( 2 J + 1 ) e - t 2/* «C 6c( o- t 2/U oC, 6aC o- t 2Ą  OC

3r3J/* JT3d3 -  JT3j

C onsequently ,
00 Sf g» ST

ß v  j= i J J * 3e r  w ’
o ü

t . - *  j  '''•• ‘ d t s

<  *  ń r  fA . " ^ A ‘ -  •

C o l le c t in g  the above r e s u lt s  and u s in g  the es tim a te

~ STfif

"  ( № ) ś  — 1 ■■;■ ■, I t2wx ^t ^e "*t
x Юос/лГ J  x

.-t 2 A ^ d t

КГ
л  ob ta in  our th e s is .

REMARK 2. The es tim a te  ( 9 ) cannot be essentialy im proved.

To prove t h is ,  l e t  us c o n s id e r  the c la s s  L (& ).  In  v iew  o f  ( 9 ) ,
ЗГ 2

• « P  I »  r d ( » ) - f ( x ) l i  W C ü ( I i ) *  (  t 2 f t  ( t ) . _ t  / ' * * d l  .

fbL(a) I

C on s id er in g  the n on -n ega tiv e  fu n c tio n  g С L(SŁ) t d e fin e d  by the 

id e n t i t i e s  g ( t ) = &  ( I t - x  | ) i-f l t - x | ^ J i" ,  g (t-*-2 jr )=  g ( t )  we 
s h a l l  show th a t the la s t  supremum can be es tim a ted  s im i la r ly
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from  be low .

Namely, oP JГ

•up |w [ г н * ) - г ( * ) Ы ч r g ] ( x ) - g ( * ) i =  - ~ r  ^  (5. ( t )G  ( t ) d t ^
f e L (Ä )  f i r ?  J-o 4 • J

ÎT 5Г

; ? 7= = ,  f 5 2 ( t ) o  ( t ) d t ^  - j r r ;  ( Я. ( t ) e " t2/i*^  d t 5;
VsToc* 7 _  'î r r f  J

0 J  > -  Vic

с
REMARK 3 .  In  v iew  o f  the In e q u a l i t y  e ■£ 6u ( u > 0 ) ,  the 

e s tim a te  ( 9J y ie ld s  jj"
fw  ( t  ; f  )

I Vr [ f J ( x ) - f ( x ) | £  *«<£? wx (J T ;f)+  W l o C l C j - 2 -ц------- d t .
n? 4

R ep la c in g  o£' by l o g  — and applying the in e q u a l i t y  

1 -r  é  l o g  2 ( 1 - r )  ( y i r < l ) ,

we conclude th a t ЗГ

|v f f ] ( * ) - f ( x ) K l 2 ( l - r ) / l- г  wx ( J ; f ) +  922 П г( l-r )V / T T ^ ( d t
~  t

• r ï^ r 1
I  am v e r y  snob in d eb ted  to  Docent P . Pych-Taberska f o r  many 
k in d  and va lu a b le  su gges tion s  in  course o f  p rep a ra tio n  o f  

t h is  paper.
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PUNKTOWA APROKSYMACJA FUNKCJI CAŁKAMI TYPU ABELA 

S tr e s z c z e n ie

Dla danej 2 5Г-ok resow e j fu n k c ji  f  ca łk ow a ln e j w sen s ie  
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